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+UË`cle{PÂh+U=jSU!rdkweVySrngiSU=T`!«UËrdU!akU!¡/kbn`
ylrdg+yBU!rcbnkU,`­gIoeg+j0+U=rnhiU!jleUQvIjlzVg+y_bdkTvIkmbt^DvIjlz`dPSg¡ÉPSg¡Ìbdg
vIylyS^Dkb5bdg'bnPSUAviBg+UTVU!j+bnkg+jSjSU,z
ylrdg+SU!T`=
76798-:<;=>=@?
 A Ü=àwånåCBEDF<G{Ü=èãHB6IfßÝä~â çJLK èdÝ-F<M
¦.vija^§gIoAbnPSUkzSU!vi`Vylrdg+yBg0`cU,z§kjÌbdPlk`yBvIyFU=rvIrnUjlgIbjSU=¡'ÉOQPSgilhiP¢¡U6ewvIkT bdPlvIb`cg+TVU
g+rdkhikjlvie=gij0bdrnkl_bdkgijl`virdUDySrnU!`dU=j0b'kj bdPSkw`'ylviyBU!r!1/A`dkjShvySrngIstU,ebnU!z>`dSSh+rnv+z_kU=j0bzSU!`neU=j0bbdg
g+y_bdkTVk!U­jSgijBz_kmú~U=rnU=j0bnkviSUoljlebnkg+jlvIw`gio0kTvIhiU­ylrdg_eU,`d`dkjShQ¡v+`jSgIb{vIS^Aylrdg+yBg0`cU,zAkjf^,_¥iù0¥!-`)
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virdkwvbnkg+j¢¡U=rnU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bnPSU.vIrdbdkopviebn`gioXi+qn#Y'ii+e=giTVySrnU!`n`ckgij £ ~ufbdU!rU=b!Avi2fkjo^ `ySrdg+yBg0`cU,zbdgËTVkjSkTDk=UbdPSUbdgibnvIvIrnkvIbdkgijbdgrdU,z_leUbdPSUzSk`cbdg+rcbnkg+jl`gIobnPSU3i+qn#Y/egiTVySrnU!`n`dkg+j«U
±0SU!`cbdkgijbdPlU'l`cUgiobdPlUbdgIb{vIvIrnkwvbdkgij¥Svi`QvDySrdkgir
¡$PlU=j°z_U!vikjSh«¡$kmbnP°zSk`cbdg+rcbnkg+jl`DgIoFgiljlz_U!zÉvITVySkbdlz_U+¥vijlzÉ`cPSg¡½bdPlvIbËU!vi`dkU=rVz_kmú~U=rnU=j0bnkviSU
ylrdkgir{`Q`cg+TDU=bdkTVU!`QU!vizbdgFUbdbdU!rfrdU,`clmb{`=
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bng>`dgiiUVÍ¦6U=^+U=r,¨ `'zSU!eg+TVyBg0`ckbdkgij§ySrngilU!Tu$e{²ajSg¡$U!z_h+U!z
`dgi_bnkg+jl`e=vijÌFUogiSjBzÌkjp^   ¥#a¥A  `¤ÎOgÂg+Sr²ajSg¡$U,z_hiU+¥;g+SrVogirnTSwvbnkg+jÌgioAÍD;¦6U=^+U=r,¨ `
zSU!eg+TVyBg0`ckbdkgijTVgazSU=kw`$jSU=¡'¥S`dkTDylU+¥lvIjlze=giSwzU!v+zËbngVbdPSU
zSU!`dkh+jgioopvi`cbAvIhig+rdkbdPlTV`!
£ kjlvI^+¥SvIjlzbdPlvIbTVkhiP0bFUbdPSUTvIkjeg+j0bdrnkSSbdkgijgiobdPSkw`QylviyBU!r!¥0¡#ULhikiULv
h+U=jSU!rnvilor{vITVU ¡girn²VogirQbnPSU'ySrngiSU=T`Qgiobt^ayBUËÑci!Ò
q r '®
¾ ¾
s{

tvu@w x
y{z}|~X|$da6.~@d
\Ub$l`fzSU!`nernkFULbdPSU'jSgibnvIbdkgijl`Q¡Ul`cULbnPSrdg+ShiPlgi_bQbdPlk`$yBvIyFU=r,
«U¯lr{`tbfrnU=TVkjlzËbnPlvb
X = Y n ¥ Y = X × X vIjlz Z e=vijFU
vIja^ËgiobnPSg+`dULbt¡#g`dylvie=U!`!uAlbdPSUQbnPSU=g+rd^Dz_U=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g
`dkTVySko^
bdPlUfjSgIb{vbnkg+jl`=¥
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f ∈ Z kw`$vDhikiU!jzSvIbnvl¥SvIjlz J : Z → Y k`AvDe=gijaiU=ª¥0ylrdg+yBU!rQoSjlebnkg+j£ gir u ∈ X ¥ ui ∈ Y z_U=jSgibdU,`bdPSU'k  bnP6egiTVyFgijSU!j0bQgio u £ gir g ∈ Y ¥_bnPSU=j gi ∈ Y 2 zSU=jSgibdU!`$bdPSU i − th eg+TVyBg+jSU=j0b$gIo g ¥Svijlz gi = (gi,1, gi,2) 
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< ·, · >X
z_U!jSgIbnU!`QbnPSU'l`dlvI`ne=vivirylrdg_z_leb$gij
X
 £ g+r u, v ∈ X ¡#UPlvM+U0
< u, v >X :=
n
∑
i=1
uivi
Ñ2_ +Ò
< ·, · >Y
z_U!jSgIbnU!`bdPlU'l`cBvI`ne=vIwvIrQySrng_z_lebQg+j
Y
 £ g+r g, h ∈ Y 0
< g, h >Y :=
n
∑
i=1
2
∑
j=1
gi,jhi,j
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| · |p
¥
p ∈ [1,∞[ k`bnPSU lp jSgirnT½g+j X 0
|u|p := (
n
∑
i=1
|ui|p)1/p
Ñ2_ iÒ
| · |∞
kw`QbdPSU
l∞  jlgirnT®gij X 0
|u|∞ = max
i∈{1,2,...,n}
|ui|
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|| · ||p
¥Sogir
p ∈ [1,∞[ kw`fvDjSgirnT½g+j Y z_U=¯ljSU!za^0
||g||p := (
n
∑
i=1
|gi|p2)1/p
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uAjlz¯ljlvI^0
||g||∞ := max
i∈{1,2,...,n}
|gi|2
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Z = X
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0kbt^`«u oSjBebdkgij
J : Z → Y kw`f`dvikzbdgVFU
egaU=r{ekiUkoL0
||u||2 → ∞ ⇒ J(u) → ∞
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¥Sz_U!jSgIbnU!z
χK
¥Skw`fz_U¯BjSU!z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χK(x) =
{
0
ko
x ∈ K
∞ gibdPSU!rd¡$kw`dU
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K
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J
vIbfyBg+kj0b
u ∈ Z ¥kw`$z_U=¯ljSU!za^0
∂J(u) = {η ∈ Z, J(u)+ < η, (x − u) >Z≤ J(x), ∀x ∈ Z}
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G∗(u) = sup
x∈Z
(< x, u >Z −G(x))
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kw`fvVeg+jaiUªËylrdg+yBU!rQoSjlebnkg+j5¦6g+rdU!giU=r,¥0¡#UPlvM+U0
G∗∗ = G

tvu $~@|.z.~E.~ n¡.¢dzl£~¤3zQ.z6.~@ny{zQ<6n
Og`ckTVySkmo^bdPSU'jSgibnvIbdkgijl`!¥_¡#U'z_U!jSgIbnU
u(i, j)
bnPSU'vISUgIo
u
gijySkªaU!
(i, j)

Ogz_k`nernUbnk!ULbdPSU'h+rnv+z_kU!j0bQ¡Ul`dUbnPSU
ewvi`n`dke!vIF¯lr{`tb$gir{z_U!rQ`ne{PSU!TDUFgirnrdg¡U!zËordg+T¥^áù`¤ £ gir
u ∈ X 0
(∇u)(i, j) = ((∂1u)(i, j), (∂2u)(i, j))
Ñ)_!+Ò
∇u kw`$vIjU=U=TVU=j0bfgio Y 
(∂1u)(i, j) =
{
u(i + 1, j) − u(i, j) ko i < nx
0
kmo
i = nx
Ñ)_  Ò
(∂2u)(i, j) =
{
u(i, j + 1) − u(i, j) ko j < ny
0
kmo
j = ny
Ñ)_,+Ò
OQPSkw`fz_U=¯ljSkbdkgij6vIg¡f`;bngz_U¯ljlUbdPSU
z_kiU!rdh+U=jle=Uylrdg+yBU!rd^Ëa^z_lvikbt^i¥_kTVyBg0`ckjSh0
< ∇u, p >Y = − < u, div(p) >X
Ñ)_!0Ò
NPOE7QNSR
ÙÚÛÜÝ{ÞiÞ~ßáàpâ{Ýã)àpÚäSåVÚtæ
l∞ ç â{ÚIäSåã2ènÝàéälã2åàéä>àéÛÝ=ê0ÜQÞ~èdÚ!â{Üå{å{àéäaê 
«U¡$k~`dU=UbdPBvbQPlvMakjSh`cle{Pv
rnU=wvbnkg+jËk`#jSU,eU!`n`nvIrn^bngDe=giTVyS_bnUfbdPlUU=ª_v+eb$`clShir{viz_kU=j0b;gio
bnPSU
z_kw`de=rdU=bdULoSjlebdkgijlvi2;\_kTVySU
vIhiU!SrnvhikiU,`X0
(div(p))(i, j) =



p1(i, j) − p1(i − 1, j) kmo 1 < i < nx
p1(i, j)
ko
i = 1
−p1(i − 1, j) kmo i = nx
+



p2(i, j) − p2(i, j − 1) ko 1 < j < ny
p2(i, j)
ko
j = 1
−p2(i, j − 1) ko j = ny
Ñ)_MùiÒ
ØkbdPbnPSk`Az_k`nernUbnk,vbnkg+j¥a¡#U'e=vij6z_U¯ljlUbnPSUbdgibnvivIrnkvIbdkgijv+`X0
J1(u) :=
n
∑
i=1
|(∇u)i|2
Ñ)_!ü0Ò
uAjSgIbnPSU=rA±0lvij0bdkbt^ËgIokj0bdU!rdU,`tb$kjbdPSkw`$ylviyBU!r$k`QbnPSU'z_kw`de=rdU=bdk=U!zPa^ayBU!rn`dSrdopvie=Ugio
u
0
J2(u) :=
n
∑
i=1
√
|(∇u)i|22 + 1
Ñ)_¦+Ò
OQPSg0`cULbt¡gDoSjlebnkg+jl`fvirdUeg+j0+Uª
§ ¨e© $ 
¾ »¼V»$$ [6ª 
=»Ë=
 
|	{«f
¬ T3­¦T®
vu@w ¯°~@z}|z$n±²@³.~
xfU=¡$rnkmbnkjShVySrngilU!T Ñt+!Òljlz_U=rfbdPSUog+rdT¥0
inf
u∈Z
{J(u) + χK(u)}
Ñ2S I+Ò
¡$PSU!rdU
χK
k`5bdPSUkjBz_ke!vbngir­oSjBebdkgijgIo
K
¥+kmbk`#eU!vir5bdPBvb#ylrdg+SU!TÑ2S IiÒ5k`#egija+Uª¥iySrngiyFU=r
vijlzegaU=r{ekiULgij
Z
OQPal`!¥_¡U'U!vi`dk^h+Ub$bdPlU'Uª_k`cbdU!jleUgiovVTVkjlkTVk=U=r,
vut ´µ¶³d~@·
³z6z}¸nf.¢zp@³~@d
ØPlU=j
J
kw``cbdrnkwebd^ e=gijaiU=ª¥¡UPlvMiUVSjSkw±0SU=jlU!`n`'gIofvTVkjlkTVk=U=r,¥S_bkjÂbdPSUh+U=jSU!rnvi5eg+j0+Uª
e!vi`dUi¥0¡#UhiU=bvDegija+Uª`cU=b#gIo`cg+_bnkg+jl`!«Ukl`cbdr{vbnUAkb#bnPSrngiSh+PvIjËU=ªSvITVySUAkj
1−D bnPlvb¡#U`cbdBz_^ËwvbdU!r$kj
2 − D ­ Ub{vI²+U Z = X ¥ nx = n ¥ ny = 1 vIjlz`dUb30
J(u) =
n−1
∑
i=1
|ui+1 − ui|
Ñ2S _MÒ
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OvI²+U
fi = i/(n − 1)
¥_¡$kbdP
i ∈ {0, 2, ..., n− 1} vIjlz α < 0.5 OQPSUkj+bnU=rnySrnUbnvIbdkgij×gio$bdPSkw`DTVgazSU=Qk`bnPSUog+g¡$kjShk0Ë¡UvirdUgag+²0kjSh6og+rDbdPSUoSjlebdkgij¢gio
TVkjSkTVviz_kw`de=rdU=bdULbdgibnviMvirdkwvbnkg+j¥_eg+j+b{vIkjSU!zkjbnPSU'rnU!zbdSFU
z_r{vM¡$jg+j £ khiSrnUÑt,Ò
W#U!vird^i¥avIBTVg+jSgIbngijSg+l`­kjlernU!v+`ckjSh`dU!±0SU!jleU,`;`nvbdkw`co^0kjSh'bnPSUegijB`tbnrnvikj0b!¥+hig+kjSh
ordg+T
α
vIjBz
virdrnk0kjSh'bng
1− α PlvMiUAbdPSU'`nvITVUfbngIbnvi~Mvirdkwvbnkg+j>Ñ 1− 2α Ò¥SvIjBzvIrnU`dgi_bnkg+jl`;gioySrngilU!T ( + ) 
£ khiSrnUj0
YLrnU=U=j¹0
zSvIbnvbdU!rdT  x$U!z¹0'SySyFU=r
vijlz«g¡U=r'e=gijl`cbdr{vIkj0bn`  2SUËvijlz Sv+e{²o0bt¡gyFg+`n`dkSU'`cg+Sbdkgijl`
º » 
¼
½ 
Ì6ª	d¾$;$¾ »±«"

¾$¾$$
«U
h+gËlvie{²bdgbnPSU
h+U=jSU!rnviySrngiSU=T Ñt+!Ò
J
kw`AvËhiU=jlU=r{vIySrngiyFU=regija+UªËoSjBebdkgij>gij
Z
¥BvIjBz
K
kw`QhikiU!ja^>Ñci iÒ
V jbdPlULyBvi`cboU!¡Ö^+U!virn`!¥+Tvij0^Uú~girdbn`QPlvM+UFU=U!jz_U,z_kwe=vbnU!zbdgDbnPSU'z_U!`dkh+jgioopv+`tbfvIhig+rdkbdPlTV`
bng`dgiiUQkTvihikjSh'ySrngiSU=T`!xfX £ ylrdg+SU!TÔog+r5kjl`tb{vIjle=Ufe=vijjSg¡ÌFUA`dgiiU,zkjËvITVg+`cb;rnU!vIabnkTVU^ ü_¥+I¥M`)
/Aj_ogirdbdSjBvbdU!^+¥a¡#ULe=vIjljSgIbPSgiyFUL`dgiakjlhÑt+MÒ­¡$kbdPvPSkhiPËr{vbnUAgioegija+U=rnhiU=jBeUfvi`#¡UATviz_U
jlgvi`n`dSTVy_bdkgijl`g+j
J
UªSeU!y_b$egija+Uª_kmbt^+6V TvihikjSUfbnPlvb$¡UAPlvM+UvIjvIhig+rdkbdPST bnPlvbQhiU!jSU=r{vbnU!`;v
`dU!±0SU!jleU {uk} bdPBvbfkw`$`cSylyBg0`cU,zËbngËvIySySrng+v+e{Pv`dgi_bdkgijgIoQÑti,Ò
u ewvi`n`dke!vI;rnU!`dSbDgioeg+jaiUªÂgiySbdkTDk!vIbdkgijµ^ i+`QbdU=w`B`bnPlvbVjSg«kmbnU=r{vbnk+UTVUbnPSg_z  gijS^
B`ckjSh.bnPSU`cU,±+lU=jle=U!`
J(uk)
vIjBz
∂J(uk)  e=vij¢vie{PSkU=+Uv.FUbdbdU!rDr{vbnUËbnPlvIj O(1)ε2
¥ogirDhiU!jSU=r{vI
e=gijaiU=ªËTVkjSkTVk,vbnkg+jySrngilU!T Ñ
ε
k`QbnPSU
z_U,`ckrdU,zylrdU,ekw`ckgijBÒ
V¤o¡#UjSgIbnU
J̄
bnPSUTVkjSkTST®gio#Ñt+!Ò¥SvIjlz
J̄k = mini∈{1,2,...,k}(J(u
i))
¥_kbQTDU,vIjl`;bdPBvbbdgDhiUb
vySrnU!e=k`dkg+j |J̄k − J̄ | ≤ ε ¥vIja^6vIhigirnkbdPST ¡$k­rnU!±0SkrdU k bngFUDgIo#g+rnzSU=r bO(1)ε2 c
Ñ2`cU!U±^ I+`­og+rLv
TVg+rdUySrnU!e=k`dUL`cbnvIbdU!TDU!j0b{Ò
«UVySrdg+yBg0`cUkj>bdPSkw`ylviyBU!rbngB`cUbdPSUDySrngIstU,ebdU,z>`dSSh+rnv+z_kU!j0bTVUbnPSg_z6ogir¡$PSkwe{P.bnPSUeg+T ylU=ªakbt^¢kw`Ë`dPSg¡$jÌbdg×FU O(1)
ε2
[\agÂbdPBvb!¥QjSg§TVU=bdPSg_zØe=vijÉzSg§BU=bcbdU!rËbnPlvIj°kbËogirËg+SrhiU!jSU=r{vI
NPOE7QNSR
ÙÚÛÜÝ{ÞiÞ~ßáàpâ{Ýã)àpÚäSåVÚtæ
l∞ ç â{ÚIäSåã2ènÝàéälã2åàéä>àéÛÝ=ê0ÜQÞ~èdÚ!â{Üå{å{àéäaê +
ylrdg+SU!T¥+SyËbdgv
TSbdkySke!vbdkiUAopviebdgir,Ogl`cUAbdPSkw`;bdU!e{PljSk±0SU¡#UAjSU=U,zVbdgBULvISUfbngeg+TVyS_bdU
vÂ`dSSh+rnv+z_kU!j0bVvijlzÌbdPSUg5Bekz_U,vIj°ySrngIstU,ebdg+rVgij
K
cV jÉbdPSU6jlUªab`cU,ebnkg+jl`V¡#U6`dPSg¡¿Plg¡½bdg
e=giTVyS_bnU'`cSlhir{viz_kU=j0bn`!­¦6girnU=g+U=r,¥IbnPSU{5le=kwz_U!vijySrdgistU!ebdgirQg+j
K
e=vijFU
eg+TVyS_bdU,zU!vi`dk^+EV¤b
e!vIjBU
`dPSg¡$jbdPlvIb30
(ΠK(u))i =
{
ui
kmo |ui − fi|2 ≤ α
fi + α
ui−fi
|ui−fi|2
gIbdPlU=rn¡$k`dU Ñ   i+Ò
OQPSkw`vIhig+rdkbdPSTøkw`¡U=²0jlg¡$j.kj.bdPSUDgiy_bnkTVk!vIbdkgij e=giTVTljSkmbt^§Ñ2`cU!U
ogirLkjl`tb{vIjle=Ub^ i`Ò{V¤b
¡Qvi`#ySrngiyFg+`dU!zrnU!e=U=j0bd^kjkTVvihiULySrngae=U!`n`ckjShkj`cg+TDULylviyBU!rn`¿^ a¥Mù0¥~,+`)­«U'z_U!`nernkBULkmbQSrnkU]Àl^
FU=g¡'
Ádu@w Â¢zpy<~@|~y@zÃnf.¢dzla@Änn<~¢Å
ū
kw`$v`cg+SbdkgijgIoÑci!Ò¥Skmo­kbA`dvIbdkw`t¯BU!`#ogirfvij0^
t > 0
0
ū = ΠK(ū − tη)
Ñ   i+Ò
ΠK(·)
z_U=jSgibdU,`bdPSU{5Bekz_U,vIjySrngIstU,ebdg+rQgij
K
¥SvIjlz
η
kw`fvij0^U=U=TVU=j0b$gIo
∂J(ū)

OgËeg+TDyl_bdU
ū
¥_¡U'l`dULbdPSU'ySrngIstU,ebnU!z`cSlhir{viz_kU=j0b$vIhigirnkbdPST½z_U=¯ljSU,za^0
{
u0 ∈ K
uk+1 = ΠK(u
k − tk η
k
||ηk||2 )
Ñ     Ò
AU=rnUi¥
tk > 0
og+rfvIja^
k
vIjlz
ηk
k`fvija^U=U=TVU=j0bfgIo
∂J(uk)

Ádut Æµ6ÇÈÉ|<¢zµ.¢zÊz}·
³z}|z {tk} ËOQPlUQe=gijaiU!rdh+U=jle=U5gIoBbdPSkw`kbdU=r{vbnk+U`ne{PSU!TDUQz_U!yBU!jlzS`­g+j
bdPlUFU=PBvM0kgilrgiolbnPSU$`cU,±+lU=jle=U
tk
\U=b
UFUQbdPlUf`cU=b5gIo`cg+_bnkg+jl`gIo­Ñt+,Ò­OQPSUQogig¡$kjShLbnPSU=g+rdU!T|ySrngiU!`bnPlvb­og+r5v¡#U!le{Plg+`dU=jV`cU,±+lU=jle=U
tk
¥_¡#U'PlvM+ULe=gijaiU!rdh+U=jle=UÌ^ i`0
Í  ´a¸  ´ Æ 6pì*Î æ
limk→∞ tk = 0
ÝäM ∑∞
k=0 tk = ∞
B;ãPÏSÜ=ä
limk→∞ J(uk) = infu∈K J(u)
ÝäM
limk→∞ d(uk, U) = 0Ð ÏlÜèdÜ d(·, ·) àwå'ãSÏlÜ¿Ñ
FlâßáàHM+Ü{ÝähMàwåã¤ÝIäFâ{Ü#æ{èdÚÛ ÝÞlÚàéäBã#ã ÚËÝåÜ=ãÒ
¦.vija^
`cU,±+lU=jle=U!``dvIbdkw`to^bnPSUQPa^0yFgIbnPSU!`dkw`giolbnPSk`bnPSU=g+rdU!T £ g+rkjl`cbnvijleU tk = 1(k+1)p
¡$kbdP
p ∈
]0, 1]
gir
tk =
1
(k+1) log((k+1))
OQPSk`¡$kwz_UQe{PSgikweU#TVvi²iU,`bnPSU#bdPSU!girnU=T|z_kZËeSbbngl`cU;ogirySr{viebdkwe=vI
e=giTVyS_b{vbnkg+jl`¡0vITVg+jSh.vI;yFg+`n`ckSU`dU!±0SU=jBeU!`!¥TvIja^«e=giSwzÂU!viz«bng>+U=rn^ `dg¡¬eg+j0+U=rnhiU!jleU+
\_giTVUfkwz_U!v+`5¡U=rnU$ySrdg+yBg0`cU,zDbdg'b{vie{²aU$bdPSkw`5ylrdg+SU!T vijlzDbdPlUfbdPlU=girn^Dk`;jSg¡°¡#U!BU!`cbnvIlkw`cPlU!z6Ñp`dU=U^,_¥Mù¦`og+rf`cg+TVULrnUoU!rdU!jleU,`nÒ
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V¤o
J
kw`v\kyl`ne{PSkmbn
eg+j+bnkjlgil`¡$kbdP\kyl`ne{PSkbd'eg+jl`tb{vIj0b
L
k2 Uiv0
|J(u) − J(v)| ≤ L||u − v||2
Ñ   i+Ò
¡U
e=vij¯ljBzvDylvirnviTVUbdU!rdU!`n`#giy_bnkTvI`cU,±+lU=jle=UVÑ2eotv^ +ù¦`Ò¿0
Í  ´a¸  ´ Æ 6wòQÓ ÏSÜfÞ~èdÚÔ=Ü{â=ã¤ÜCMËåCF<G¤êièdÝjMIàpÜäBã
M+Üå=â{Ü=älã Ð àéãPÏåã Ü¤ÞoÕ
tk =
D√
k
Ñ   I0Ò
Ü=äSå>F_èdÜåLãPÏSÝIã
Õ
εk = J̄
k − J̄ ≤ O(1)LD√
k
Ñ   +ùiÒ
Ð ÏlÜèdÜ D àwå
ãPÏSÜ¿ÑLFlâßmàHMiÜ{ÝähMàpÝIÛVÜ=ã¤Ü=èÚcæ'ãSÏlÜå=Ü=ã K Ò
OQPSkw`kw`vijU!vi`d^e{PlgikweUbdgAU=jl`dSrnU5v$higag_zLrnvIbdU­gIoSe=gijaiU!rdh+U=jle=Ui¦6girnU5`dgiySPSkw`cbdkwe=vbnU!zbdU,e{PSjSkw±0SU!`
e!vIjBU'z_U,`ckhijSU,zËlv+`cU,zËg+jkbdU=r{vbnk+UU,`tbnkTvIbdU!`gio
J̄
Ñp`dU=UÖ^!+`og+rkjl`cbnvijleUMÒ­OgVg+Sr#²ajSg¡$U!zShiUi¥
bngrnU!vi^h0vIkjËUZËekU=jBe^D¡$kmbnPËbdPlg+`dU$bdU,e{PSjSkw±+lU!`!¥+g+jSUAgioébdU=jjSU=U,zS`;U=ªabdr{v'kjSogirnTVvIbdkgijl`#vIFgi_b#bdPSU
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||∇J(u) −∇J(v)||2 ≤ L′||u − v||2
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u0 ∈ K
uk+1 = ΠK(u
k − t∇J(uk))
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BV (Ω) = {u ∈ L1(Ω), sup
{ξ∈C1c (Ω; ã 2),‖ξ‖L∞(Ω)≤1}
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||v||G = inf
g
{||g||∞, div(g) = v, g = (g1, g2), |g| =
√
g21 + g
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G = {v, ||v||G < ∞}
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∫
Ω
|Du| + λ||v||G}
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ä ||sin(nx)||L2([0,2π]) = π ∀n ∈ å
ä ||sin(nx)||G([0,2π]) = 1/n ∀n ∈ å
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{TV (u) + µ
∑
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|f − u − v|2i,j + TV ∗(
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MvirdkwvIlU
g
>OQPSkw`k`yBg0`d`dkSU
FU!e!vIl`dULbdPSU'g+yBU!rnvIbdg+r
div
k`f`dSr2stU!ebdkiULordg+T
Y
bdg
X

inf
u∈X
{J1(u) + λ inf
g∈Y,div(g)=f−u
{||g||∞}} = inf
g∈Y
{J1(f − div(g)) + λ||g||∞}
Ñ)_ 0ùiÒ
OQPSkw`fylrdg+SU!Te=giSwzBU`dgiiU,zl`ckjShËv`dSSh+rnv+z_kU!j0b$zSU!`neU=j0b,OSrnjSkjlhVbdPSU
wvIh+rnvijShiULTlmbnk ylkU=r
λ
kj0bdgLvAeg+jl`cbdr{vIkj+b,¥!¡U;h+UbbnPSU#ogig¡$kjShfTVkjSkTVk!vIbdkgij
ySrngilU!T Ñp¡#U#rdU=oU=rbdg$bnPSUviySyFU=jlz_kª
og+rQbdPSU'kjS²ËFUbt¡U=U=jbnPSUbt¡#gVTVg_z_U=w`{Òd0
inf
g∈Y,||g||∞≤α
{J1(f − div(g))}
Ñ2_ iü0Ò

AgIbdkweUbnPlvbko¡UrnU=ySwvie=UbnPSU
L∞  jSgirnT a^×v L2  jSgirnT kj Ñ)_   Ò¥;¡Uh+UbDbdPSUTVg_z_U=$gioXL`dPSU!r  \agiÈ  ç­U!`dUÌ^ I-`)
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àvuPÁ ´l³dÅÙzQ~@|aÌ~Å²y¿z}ÅÙz}E.~
«U'PlvM+UL`dPSg¡$jbdPlvIb$bdPSU'ySrngilU!T½gIoÍl¦6U!^iU!rfe=vIjFU
`tb{vbdU,zv+`ogig¡f`X0
inf
g∈Y,||g||∞≤α
{J(g)} Ñ2S +Ò
ØkbdPh0
J(g) :=
n
∑
i=1
|(∇(f − div(g)))i|2
Ñ)_  0Ò
Og>l`dUbnPSU`dSSh+rnv+z_kU=j0bz_U!`neU!j0bD`cbnvbnU!zÂkj Ñ     ÒbnPSUTVvikj×zSk[ZËelmbt^«bdPBvbrnU=Tvikjl`k`bdg
e=giTVyS_bnUj0lTDU!rdkwe=vi^vV`dSShir{vizSkU!j+b,
OgËz_g`cgB¥_¡#Ul`dULbdPSUog+g¡$kjShVrdU,`cSb$gijbdPSU
`dSSh+rnv+z_kU=j0b$gIoe=giTVyFg+`dU!zoSjlebnkg+jl`{^ i+`0
ó;´ Æ×Æ¢ ñQpìôÎ æ
φ : Y → Y àwå
â{ÚäõMÜ÷öÝIäMÞ~èdÚnÞlÜèCB A àwå'ÝVßmàéäFÜ{Ýè
ÚnÞlÜ=èdÝã Úè­æ{èdÚIÛ X ã¤Ú Y B­ãSÏlÝãâ{ÝIäG{ÜM+Ünâ{ÚIÛfÞlÚMå=ÜCM±F_äMiÜ=èãSÏlÜ;æÚIèÛ
Au = A0u + b
ãPÏSÜ=äÕ
∂(φ ◦ A)(u) = A∗0(∂φ(Au))
Ñ2S  ,Ò
W#PSgag0`ckjSh0
φ(x) = ||x||1
Ñ)_  +Ò
«U
e=vij¡$rnkmbnUf0
J(g) = φ(∇(f − div(g))) Ñ)_  0Ò
¦6g+rdU!giU!r!¥ ∇(f − div(g)) = A0g + b ¥S¡$kbdP b = ∇f vijlz0
A0(·) = A∗0(·) = −∇div(·)
Ñ2S  Ò
AgIbdUbnPlvb$bnPSkw`$giyFU=r{vbngirk`f`dU=o  vizMstg+kj0b!«U
e=vij`dPSg¡ U,vi`dk^bnPlvb{0
(∂φ(g))i =
{ gi
|gi|2
ko |gi|2 > 0
{ηi ∈ Y 2, |ηi|2 ≤ 1} gIbnPSU=rn¡$k`dU
Ñ)_  +Ò
uAjU!U!TDU!j0bgiobdPSU'`dSSh+rnv+z_kU!j0b#gIo
J
e=vIjbdPal`FULh+k+U=jËa^
A∗0(Ψ)
¥_¡$kmbnP
Ψ ∈ Y `dle{PbdPBvb{0
(Ψ)i =
{
(Ag)i
|(Ag)i|2
ko |(Ag)i|2 > 0
0
gibdPSU!rd¡$kw`dU Ñ)_  0Ò
XjVbnPSUAySkª_U=w`5¡$PSU!rdU |∇(f −div(gn))|2 z_g
jlgIb;vIjlk`dP¥+bdPSUhir{viz_kU=j0b5gIo~bnPSU J oSjlebdkgijlviBkw`0
∇(div( ∇(f − div(g
n))
|∇(f − div(gn))|2
))
Ñ)_  ùiÒ
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ÙÚÛÜÝ{ÞiÞ~ßáàpâ{Ýã)àpÚäSåVÚtæ
l∞ ç â{ÚIäSåã2ènÝàéälã2åàéä>àéÛÝ=ê0ÜQÞ~èdÚ!â{Üå{å{àéäaê ù
¡$PSkwe{P¡#U'z_gVjSgibfjSU=U,zËbngrdU!hiSwvIrnk=Ui
OQPSUv+`tb'b{vi`d²>rnU=TvIkjSkjShbdg6l`dUVbdPlUËySrngIstU!ebdU,z«`dSSh+rnv+z_kU=j0b
z_U!`neU!j+bTDU=bdPSg_zÂkw`bdg.zSU!`dkh+j
bnPSU
`dU!±0SU=jBeU
tk
¥_k) U+bdgV¯ljlz
D
vIjlzbngV`dPSg¡
L < ∞ V¤bfkw`Qbdrnk0kwvI~bng`cPSg¡ bdPlvIb30
D = 2α
√
n
Ñ)_  ü0Ò
V¤bfkw`QbdPlU{5lekwz_U!vijzSkviTDU=bdU!r$gIobnPSU
l∞  lvi)
£ kjlvI^+¥S¡Ue!vIj`cPlg¡ÎbdPBvb J kw` L  \kyl`ne{PSkbdL¡$kmbnP0
L ≤ 16
√
n
Ñ)_  0Ò
V jlzSU=U!z¥
∂J(g)
e!vIj¢FUUª_ySrnU!`n`cU,z×vi` ∇(div(p)) ¥#ogirË`dgiTVU p ¡$kbdP |pi|2 ≤ 1 ∀i Ì\ag«bnPlvb
|(div(p))i| = |a + b + c + d| ≤ 4
og+rf`cg+TVU
a, b, c, d
gIojSgirnT®U!`n`;bnPlvIj
1
n/`ckjShbdPSU'`nvITVULbdrnke{²~¥
∂J(u) = ∇v ¥¡$kmbnP |vi|2 ≤ 4 ∀i U=jl`dSrnU!`AbdPlvIb |(∂J(u))i|2 ≤ 16 D\agbdPlvIb¯ljlvI^ ||∂J(u)||2 ≤
16
√
n

AgIbdUbnPlvb$bnPSU'giU!rnvi~eg+TVySU=ª_kmbt^ËgiobnPSkw`$vIhigirnkbdPST½kw`QU!`n`bdPlvij0
O(1)
16αn√
k
Ñ)_ I0Ò
OQPSU
e=giTVySUª_kbt^ËkjBernU!vi`dU!`kjlU!vIrn^¡$kmbnPbdPSU'jaSTBU!r$gIoylkmª_U=w`fvijlz¡$kbdP
α

àvuà ez}³.
£ kjlvI^ ¡UySrnU!`dU=j0b
bnPSUjaSTVU!rdkwe=vi;rnU!`dSmb{`
g+jÂ¯lhiSrnU>Ñ2+Ò«OQPSUb2QvIrnlvirnvkTvIhiUk`rdU,`de!vIU!zÂkj
[0, 1]
¥SvIjlz¡#ULb{vI²iU
α = 0.1

ufoébdU=r
4
`dU!eg+jlzS`$Ñ
100
kbdU=r{vbnkg+jl`{Ò¥i¡U$hiU=b5bdPlUfTVkzSzSUfylkebdSrnU!`!OQPlUfTVgazSU=B`dU=U!T`bdg
v+e{PSkU!iU
¡U=S¡$PlvIb5kmb#k`5`dSySyFg+`dU!zbng
z_glOQPSUA`cbdrnkyFU!`5kjf2QvIrnlvIr{vLegIbdPlU!`5virdUQrnU=TVgiU,z¥bdPlUfe=vIrdbdgag+jylvircb
kw`QjSgibf0kw`dkSUkjbnPSUbdU=ª0bnSrnU!zylvIrdb!­¦6g+rdU!giU!r!¥+bdPSkw`$kw`$z_gijlUopv+`tb,
ufoébdU=r
5
TVkja_bnU!`.Ñ
7500
kbdU!rnvIbdkgijl`{Ò¥¡#U6rnU!v+e{PÉ`cbnviSkkbt^i OQPlU.rdU,`clmbkw`ËySrnUbdbt^¢z_U!e=U=kakjShB
«Ue=vIjÌ`cU!UËbdPBvbVjSgIbvI`cbdrnkyBU,`DvirdUrdU!TDg+U!zÂkj×bnPSUe!vIrdbdgagij¢ylvIrdb!¥5vijlzÂbdPBvb`cg+TDUe=vircbng0g+j
yBvbcbnU=rnjl`'vIylyBU,vIr'kj bnPSUbnUªabdSrnUylvircbËÑp`dU=U¡2Qx Ñp0ÒcÒ¡5iU!j§¡#g+rn`cb10'bdPSUVbngiyÂkTVvihiU,`rdU!ySrdU,`cU!j0b
bnPSUfrnU!`dSbn`5¡$kbdPx$lz_kj  XL`cPSU!r  £ vIbdU!TDklTDg_z_U!2­OQPSU l2  jSg+rdT`­gioFbnPSUArnU!`dkwz_lvIw`­kjVbdPSULOg+y  x$kh+P0bÑ2O$xAÒQkTvIhiU
vijlzkjbnPSUÌ2gIbdbdg+T  x$khiP0b
ÑH2QxAÒfkTvIh+U'vIrnUbdPSU`nvITVU+V¤b`dU=U!TV`$bdPlvIbxfX £ TVg_z_U=yFU=rdogirnT`QU=+U=jBU=bcbdU!r$bdPBvIjÍl¦6U!^iU!r!¨ `QTVgazSU=)
OQPSkw`rdU,`cSbkw`zSkmú~U=rnU=j0borngiTÖbdPlU#eg+jlel`dkg+jl`gio<i £ ,ufstg++U=b!vI)kj¡^ +`)¥¡$PSU!rdU5bdPSUvIhigirnkbdPSTh0vMiU'U!`n`Ah+U=g+TDU=bdrn^kj
v
 UbdPlkjS²bnPlvbLbdPlUDviySySrng+vie{PySrngiyFg+`dU!z.kj.g+SrLylvIyFU=rvIySylrdgMª_kTVvIbdU,`
FUbdbdU!r#ÍDS¦6U=^+U=r,¨ `#TVg_z_U=)¥_vi`jSgU=ªabdr{vylvirnviTVUbdU!r;kw`jSU=U,z_U!z¥SvijlzbnPlvbQ¡ULe=giTVyS_bnU!zËU=ª_ySkwekbd^
bnPSUQrnvIbdUgIoBe=gijaiU!rdh+U=jle=Ui¦.girnU=giU!r!¥!bdPlUrnU!`dSbn`¡U#g+_bnvikjDvIrnUe=gijle=gir{zSvIj0b¡$kbdPbdPlUQe=gijle=B`ckgijl`
gio«gIb{vIgDÍkjUb,;vI)5kj^ S`);OQPlU
vI_bnPSgir{`$`cPlg¡ÎbdPBvb$bdPlU{ç­U!`dU  XL`cPSU!rQTDg_z_U!vIjBzbnPSU
`dkTVySU=r
BV −L1 TVgazSU=~BgibdPgi_bnyBU!rcog+rdT¬ÍDS¦6U=^+U=r,¨ `TVg_z_U=Fog+rf`cg+TDUAbnv+`c²_`gIokTvIh+ULzSU!eg+TVyBg0`ckbdkgij
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ÍD¦6U=^+U=r,¨ `z_kw`de=rdU=bdk=U,z.TVg_z_U=­z_gaU!`jlgIb'`cU!U=T vi`LySrngiTVk=kjShvi`Lkj bdPlUDe=gij0bdkjaSgil``dUbdbdkjShl
«U'¡$kU!v+zËolrcbnPSU=r$kjaiU!`cbdkh+vIbdkgijl`#bng¯BhiSrnUgi_b$bnPSU'rdU,vi`dgijogirQbdPBvb!
£ kh+SrnU'.0;XrdkhikjlvI2QvIrnlvirnvkTvIh+U
ø ù =" ¾»{Þ  
>¼

l
p 	{«f
úvu@w Â¢z
BV − lp Å²v£dz}V jËbdPSkw`Q`cU,ebdkgij¥+¡UAgagi²vbQv`dU!eg+jlzvIylySkwe=vIbdkgijËgiogiSrhiU!jSU=r{vISornviTDU!¡#g+rd²~ UvIrnUfkj+bnU=rnU!`cbdU,z
kjbdPSUog+g¡$kjShylrdg+SU!T¥0
inf
u∈X
λ|u − f |pp + J1(u)
Ñ2S _,Ò
og+r
p ∈]1,∞[ L«UDTDkjSkTVk!UbnPSUbngIb{vIvIrnkvIbdkgij.`dS_stU!ebbngv lp e=gijl`cbdr{vIkj0b!LØPSU=j p = 2bnPSkw`$TVgazSU=kw`QbdPSU
xfX £ TVg_z_U!n^ i+`¤­ UbnrdU,vbQbdPSU
e!vi`dU p = 1 `cU!ylvIr{vbnU=^i
AgIbdUbdPBvbbdPSU`cg+SbdkgijËgio#Ñpl S!Ò5kw`SjSkw±0SULzSSUAbng`cbdrnkebQe=gijaiU=ª_kmbt^VvIjlzegaU=r{ekakmbt^DgIobdPSU
lpjlgirnT
«U¯lr{`tbfrnU!e!vI~`dgiTVULopviebn`$gioe=gijaiU=ªvIjlvi^_`dk`Ñp`dU=Uf^!-`)¥_og+rfvVegiTVySUbnUrdU=oU=rnU=jle=U,Ò
Λ : X → Y z_U!jSgIbnU!`LvkjSU,vIrLz_kmú~U=rnU=j0bnkvigiyFU=r{vbngir, Λ∗ : Y → X kw`kmb{`z_BvIg+yBU!rnvIbdg+r!v2^zSU¯ljSkbdkgij¥_ogirfvij0^
u ∈ X ¥ q ∈ Y ¥_¡U'PlvMiUÖ0
< Λu, q >Y =< u, Λ
∗q >X
Ñ2S i+Ò
NPOE7QNSR
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   
¿û! "$#$&%(')
*+,.-÷ÿ /  0¿û1 2$#$3%4')56	 78/ 9:3 
;<&=3#<>'456?,.-ÿ @ 
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G  1üHÿ&<
'4CI,.-ÿ @ 7J:3  G  1üHÿ&<K,K*LAMNBOPO7Q
i A Ü=àwånåCBEDF<G{Ü=èãHB6IfßÝä~â çJLK èdÝ-F<M
\Ub
F : X → Y vIjBz G : Y → Y BUbt¡geg+jaiUªySrngiyFU=roSjlebdkgijl`!{\Ub P ¥~BUbdPlUySrnkTVviylrdg+SU!T¥0
inf
u∈X
G(Λu) + F (u)
Ñpl i+Ò
OQPSU
zSlvIySrngilU!T P∗ kw`bdPSU!jzSU¯ljSU,z0^0
inf
q∈Y
G∗(−q) + F ∗(Λ∗q) Ñ2S   Ò
\Ub
ū
vijlz
q̄
BU6bnPSU `dgi_bnkg+jl`gIo P vIjlz P∗ rdU,`cyFU!ebdkiU!^+ OQPSg0`cU.`dgi_bnkg+jl`ËvIrnU6rnU=wvbdU,zbnPSrngiSh+PbnPSU'UªabdrnU=Tvikbt^rdU!vIbdkgijl`¿0
F (ū) + F ∗(Λ∗q̄) =< Λ∗q̄, ū >X
Ñ2S i+Ò
G(Λū) + G∗(−q̄) =< −q̄, Λū >Y
Ñ2S I0Ò
V j¢bdPSUogig¡$kjSh
p′
kw`
bnPSUegijIstShilvIbdUËgio
p
 ØPSU=j
p ∈]1,∞[ ¥ p′ = pp−1
 ØPlU=j
p = 1
¥
p′ = ∞ ØPSU=j p = ∞ ¥ p′ = 1 
ê  ¸<	#¸ ,ð,ð ¸ ï ö wòQ Ó ÏSÜ1M-FlÝIßaÞFèdÚGßÜÛ Útæ1ì7RjÒSîS]òDàwåM+ÜUT;äFÜCM¡G3V±Õ
inf
{q∈Y,||q||∞≤1}
< −div(q), f >X −β|div(q)|p
′
p′
Ñ2S +ùiÒ
Ð ÏlÜèdÜ1Õ
β = (λp)−1/(p−1) − λ(λp)−p′ Ñ2S Iü0Ò
ê  ¸¸  V jg+Srfe=v+`cU
Λ = ∇ ¥ Λ∗ = −div ¥ F (u) = λ|u − f |pp ¥SvIjBz G(q) = ||q||1 
£ krn`cb!¥S¡UrdU,e=vi~bnPlvbQorngiTJWiwz_U=r$kjSU,±+BvIkmbt^Ë¡UPlvMiUogir p ∈ [1,∞[∪{∞} 0
sup
{r∈Y,||r||p=t}
q · r = t||q||p′
Ñ2S m0Ò
OQPal`!¥
G∗(−q) := sup
r∈Y
< −q, r >Y −||r||1
Ñ2S i0Ò
= sup
t>0
sup
||r||1=t
< −q, r >Y −t
Ñ2S S,Ò
= sup
t>0
t||q||∞ − t
Ñ2S +iÒ
= χK(q)
Ñ2S i+Ò
NPOE7QNSR
ÙÚÛÜÝ{ÞiÞ~ßáàpâ{Ýã)àpÚäSåVÚtæ
l∞ ç â{ÚIäSåã2ènÝàéälã2åàéä>àéÛÝ=ê0ÜQÞ~èdÚ!â{Üå{å{àéäaê S
ØPSU!rdU
K
¥_k`bnPSU
`dUb {q ∈ Y, ||q||∞ ≤ 1} 
£ gir 1 < p < ∞ 0
F ∗(−div(q)) := sup
u∈X
< −div(q), u >X −λ|u − f |pp
Ñ2S   Ò
= sup
v∈X
< −div(q), (v + f) >X −λ|v|pp
Ñ2S ++Ò
= < −div(q), f >X + sup
t>0
sup
|v|p=t
− < div(q), v >X −λtp
Ñ2S i0Ò
= < −div(q), f >X + sup
t>0
t|div(q)|p′ − λtp
Ñ2S 0ùiÒ
= < −div(q), f >X +β|div(q)|p
′
p′
Ñ2S iü0Ò
OQPSU$wvi`cb­U!±0lvIbdkgijDk`­g+_bnvikjlU!z0^De=vijleU!kjShbdPSUfz_U!rdkvbnk+UgioBbnPSUQoSjlebdkgij
t → t|div(q)|p′ −
λtp
 Ç g+kjlhV`dgl¥_¡UL¯ljlz
β = (λp)−1/(p−1) − λ(λp)−p′ 

ê  ¸<	#¸ ,ð,ð ¸ ï ö ý} Ó ÏSÜVÜö+ã)èdÜ=ÛVÝIßáàéãXV èdÜ=ßÝIã2àpÚIäSåÝßéßÚ Ð ã ÚVåÏSÚ Ð Õ
ū = f − βp′|div(q)|p′−2div(q̄) Ñpl +Ò
ê  ¸¸  £ kr{`tbf¡UrdU,e=vIFbdPlvIb F ∗∗(u) = F (u) 
\agVbnPlvb
F (ū) = supv∈X < ū, v >X −F ∗(v)

OQPSU¯Brn`cb$UªabdrnU=TvIkbt^ËrdU!vIbdkgijvIw`cgVhikiU,`
F (ū) =< −div(q̄), ū >X −F ∗(−div(q̄))

OQPSg0`cUbt¡gU!±0lvbnkg+jl`kTVyS^
bnPlvb −div(q̄) e=vijleU!`bnPSUfz_U=rnkMvIbdkiUQgIo v →< ū, v >X −F ∗(v) \agVbnPlvb{0
(ū − f) + βp′|div(q̄)|p′−2div(q̄) = 0 Ñpl ùI+Ò
ØPSkwe{PU=jlzl`QbdPSU'ylrdgagIot

OQPSUDjaSTVU=rnke!vIkj0bdU!rdU,`tbLgIo;z_BvIkmbt^kw`AySrnUbdbt^6eU!vIr,f«Ujlg¡ PBvMiU'bng`dgiiU
vz_kmú~U=rnU=j0bnkviSU
ylrdg+SU!T®Sjlz_U!rfvVegija+UªËeg+jl`tbnrnvikj0b,¥_kjl`cbdU,vizgIoPBvM0kjShVvDjSgijz_kúFU!rdU!j+bnkviSULylrdg+SU!T«U'e=vij
B`cUVbnPSUeg+jl`cbnvIj0b
`cbdU=y§ylrdgistU!ebnU!z«hir{vizSkU!j+b
z_U,`de=U=j0b'bdg.`dgiiUVkb! £ g+r p = 2 ¥u
­W#PlvITBg+Ukj^áù¦`¤¥­ySrngiyFg+`dU!zÂv.eg+jaiU=rnhiU!j0b'vih+girnkmbnPST bng>`dgiiUËySrngilU!T Ñ2S +ùMÒV jÃ^ ü-`PSUrdU!TVvird²_`bnPlvbbdPSU
yFU=rdogirnTvIjle=U!`gIoSbnPSkw`vih+girnkmbnPSTû`cU!U=T[bngFU$`ckh+P0bd^Lkj_oU!rdkgir,¥MbdgbdPSUQySrngIstU,ebnU!z'h+rnv+z_kU!j0bz_U,`de=U=j0b!
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úvut Â¢z
BV − l1 Å²v£dz}
«U'jSg¡ `tbnlz_^bnPSU'ySrngiSU=T¥0
inf
u∈X,|u−f |1≤λ
J1(u)
Ñ2Sáùa,Ò
OQPSkw`TVg_z_U=­¡Qvi`LkjSkmbnkvi^.ySrngiyFg+`dU!z6bdgrdU!TVgiUkTVySSw`cUVjSg+k`dUi UVrnUoU!rbng^i¥+a¥­ii¥­,`
og+rvhigag_zgiU=rnakU!¡Ögio­bdPSUDjSkweUySrdg+yBU!rcbnkU,`fgio­bdPSkw`LTDg_z_U!2 Ustl`cbrnU!e!vIbdPBvbkmbLk`Lv`dkTVyS^
e=gijaiU=ªoSjlebnkg+j¥`dgbnPlvbbdPlU=rnUD`dPSgilz>jSgIbBUVSjlk±0SU!jSU!`n`LgIo5bnPSU`cg+_bnkg+j>kj>h+U=jSU!rnvi2{V j bdPSU
og+g¡$kjShl¥a¡U`dPSg¡ÖPSg¡ ¡U'e=vIjvIylyS^z_lvikbt^bdgDbnrnvijl`tog+rdT¿kmbfkj0bdgDogirnT Ñt+MÒ
ê  ¸<	#¸ ,ð,ð ¸ ï ö 6 Ó ÏSÜ1M-FlÝIßaÞFèdÚGßÜÛ Útæ1ì7RjÒZYBS]òDàwåM+ÜUT;äFÜCM¡G3V±Õ
inf
{q∈Y,||q||∞≤1}
< −div(q), f >X +λ|div(q)|∞
Ñ2SáùI+Ò
«U'U,vMiUbdPSU'ylrdgagIoogirQbnPSU'rdU,viz_U!r!¥_v+`Qkmbfkw`$iU!rd^Ë`dkTDkwvIrQbdgDbnPSU
lp
e!vi`dUi
OQPSUrnU=wvbnkg+jl`LBU=bt¡#U!U=j«bdPlUËz_lvI#vIjlz>bdPSUylrdkTvI­ySrngiSU=TvIrnUDTVg+rdUeg+TVySkwe=vIbdU,z.bnPlvIjÂkj
bnPSU
z_kúFU!rdU!j0bdkwvISU'e=vi`dUi
ê  ¸<	#¸ ,ð,ð ¸ ï ö wñQ*Î æ
div(q̄) 6= 0 B5ãPÏSÜ=ä>ãPÏSÜÜ÷ö+ã2ènÜÛÝßáàéãZVèdÜ=ßÝã)àpÚälå'ßÜ{ÝjMã¤Ú±Õ
ūi = fi + λγi
(−div(q̄))i
|(div(q̄))i|
Ñ2Sáù0Ò
A àéãSÏ
γ = (γ1, γ2, ..., γn) ∈ Y n å>Flâ÷Ï6ãSÏlÝãvÕ



γi ≥ 0 ∀i ∈ {1, 2, ..., n}
|γ|1 = 1
γi = 0
à æ |(div(q̄))i| < |div(q̄)|∞
Ñ2Sáù  Ò
ê  ¸¸  /A`dkjShDbnPSU¯lr{`tbfU=ª0bnrdU!TvIkmbt^rnU=wvbnkg+j¥SvIjlzbdPlUopvieb$bnPlvb
F ∗∗ = F
¥_¡#Uh+Ub30
F (ū) = < −div(q̄), ū >X −F ∗(−div(q̄))
Ñpl ùiiÒ
= sup
u∈X
< ū, u >X −F ∗(u)
Ñ2Sáù+Ò
OQPSkw`$kTVySkU!`$bdPlvIbX0
0 ∈ ū − ∂F ∗(−div(q̄)) Ñpl ù+ùIÒ/`ckjShU=TVTv
11
¥Se{Plviy_bdU!r
5
kj^ ++`¤¥_¡#U
e!vIj`cPlg¡ÎU!v+`ck^ËbdPlvIbfkmo
v 6= 0 ¥abdPSU!j_0
(∂F ∗(v))i = fi + λγi
vi
|vi|
Ñ2Sáùü0Ò
NPOE7QNSR
ÙÚÛÜÝ{ÞiÞ~ßáàpâ{Ýã)àpÚäSåVÚtæ
l∞ ç â{ÚIäSåã2ènÝàéälã2åàéä>àéÛÝ=ê0ÜQÞ~èdÚ!â{Üå{å{àéäaê i
ØkbdP
γi
`dvIbdkw`to^akjSh0



γi ≥ 0 ∀i ∈ {1, 2, ..., n}
|γ|1 = 1
γi = 0
ko |vi|2 < |v|∞
Ñ2Sáù-0Ò

OQPSkw`rdU!vIbdkgijËz_gaU,`;jSgibQvig¡ÉbdgrdU=bdrnkU!iU
ū
ordg+T
q̄
5AU=+U=rdbdPSU!U,`d`;kmbQhikiU,`;`dgiTVUAkj_ogirnTvbnkg+j
g+j
ū

«Ue=vij jlgIbdkweUVbnPlvbgij«ySkmª_U!`'¡$PlU=rnU |(div(q̄))i| 6= |div(q̄)|∞ ¥ ui = fi OQPlk`'TVU,vIjl`bnPlvbTvij0^ySkª_U=w`L¡$krdU!TVvikj Sjle{PlvijShiU,z
OQPSkw`Lk`Lkj vIh+rdU!U=TVU=j0bL¡$kmbnP.bdPlUopv+ebLbdPlvIbbnPSkw`TDg_z_U!k`
v+zSvIySbdU!zbdgVrnU=TVgiULkTDylS`dkiU'jSg+k`dU10BstB`tbfbnPSU'jSg+k`d^ySkªaU!`A`cPSg+SwzFU
e{PlvIjlhiU!z
«U'PlvMiUjSgib$l`cU,zbdPSU
`dU!e=gijlzUªabdrnU=Tvikbt^rdU!vIbdkgij^iU=b!V¤bfU,vizS`bngVbdPSUog+g¡$kjShrnU!`dSb{0
ê  ¸<	#¸ ,ð,ð ¸ ï ö  ö 
(∇ū)i = |(∇ū)i|2q̄i
Ñ2S üi0Ò
ê  ¸¸ 
G(∇ū) = G∗∗(∇ū) Ñ2S üS,Ò
= sup
q∈Y
< ∇ū, q >Y −G∗(q)
Ñ2S ü+iÒ
= < −q̄,∇ū >Y −G∗(−q̄)
Ñpl ü++Ò
OQPal` −q̄ `cg++U!`;ySrdg+SU=T Ñpl ü0Ò5OQPSkw`#^0kU=wzS`#bdPlUAUª_kw`tbnU=jle=UDÑ2eot
^ i+`Ò5gioTlmbnkySkU=r{` µi `cBe{PbnPlvb30
(∇u)i − µiq̄i = 0
Ñ2S ü  Ò
ØkbdP
µi = 0
ko |q̄i|2 < 1 ¥_gir µi > 0 kmo |q̄i|2 = 1 aV jBgibdP6e=v+`cU,`¡#UhiU=b µi = |(∇u)i|2 

Ñ2S üiiÒ#bnU=`$B`bdPlvIb
q̄
rnU=ySrnU!`dU=j0bn`#bnPSU'girnkU!j0bnvbnkg+jgiobnPSUU!iU=kjSU!`Qgio
ū

OQPSUjaSTVU=rnke!vIkj0bdU=rnU!`cbAgio;z_lvIkbt^og+rfbdPlU
BV − l1 ySrngilU!T¿kw`AjSgibeU!vir!$q;rdg+SU!T Ñ2SáùIIÒe!vIjÌBU6`dgiiU!z×¡$kmbnPÌg+SrvIhigirnkbdPST¥­S_bËz_gaU,`jlgIbË`cU!U=T U,`cyFU!e=kvi^×`ckTVySU=rDbdPlvij¢bnPSUySrdkTvI
ylrdg+SU!T
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OQPlULTVg_z_U!¡#U'`cbdlzS^PSU!rdU¡$rnkmbnU!`X0
inf
{u∈X,|u−f |∞≤α}
J(u)
Ñ¤ùa ü+iÒ
ØkbdP
X = Y n «UL¡$k`tbnlz_^VbdPlk`TVg_z_U=F¡$kmbnPËbt¡gz_kú~U=rnU=j0bylrdkgir{` J ­OQPSU¯lrn`cb#g+jSUAkw`#bdPSUbngIb{vIvIrnkvIbdkgij0
TV (u) = J1(u) :=
n
∑
i=1
|∇u|2
Ñ¤ùa üi0Ò
OQPSU
`dU!e=gijlzkw`bdPSU
z_kw`nernUbdk=U,zPa^ayFU=r{`cSrdopvie=Ugio
u
0
J2(u) :=
n
∑
i=1
√
|∇u|22 + 1
Ñ¤ùa ü0ùIÒ
OQPSU'ylrdg+SU!T¿¡$kbdP
J = J1
kw`fz_U!jSgIbnU!z P1 ¥BvIjlzbdPSUgijSU¡$kbdP J = J2 kw`$z_U!jSgIbnU!z P2 ;OQPlU=^PBvMiULrdU,`cyFU!ebdkiU'`cU=bn`Qgio`dgi_bdkgijB`
U1
vIjlz
U2

_ u@w `$d~@·
³dz}z}kn¡.¢zp@³.~
u®zSk[ZËelmbt^ bdPlvIb
¡#UU!jleg+Sj0bdU!r'l`ckjSh
TV
v+`
vySrdkgir'kw`bnPSUËjSg+j«ljSk±0SU!jSU!`n`'gio#bnPSUË`cg+Sbdkgij
u$ebdlvi^i¥MbnPSU=rnUU=iU!jkw`vAPaSh+U`dUbgIo~`cg+_bnkg+jl`kj
1−D ¥Ivi``cPSg¡$jkjbdPlU#kj0bdrngazSlebngirn^LU=ªSvITVySUi
U1
k`QbnPal`$veg+j0+Uª`dUb,¥_hiU=jlU=r{vI^jSgibfrdU,z_le=U!zbdgv`ckjSh+U=bdgij
XjbdPlU
egij0bnrnvird^+¥ibnPSU
`cg+Sbdkgijl`Qgio P2 vIrnULhiU=jlU=r{vI^Sjlk±0SU'U=ª_e=U=y_bfkjjSgijrnU=U=vIj0bfe=v+`cU,`=
ê  ¸<	#¸ ,ð,ð ¸ ï (  ( *Î æ
amplitude(f) := max
i
(fi) − min
i
(fi) ≥ 2α
Ñ¤ùa üiü+Ò
ãPÏSÜ=ä>ãPÏSÜ
å=Úß F_ã)àpÚäÂÚtæ P2 àwå{F_äBàUaFlÜÒ
ê  ¸¸  Og.ySrngiUDbnPSk`ySrngiyFg+`dkmbnkg+j¥¯Brn`cbrnU=TvIrn²6bdPBvbko
amplitude(f) < 2α
bdPSU!j§bdPSU`cg _bnkg+jl`VvIrnUËbdPlUe=gijl`cbnvij0bn`gIoAbnPSUkj0bdU!rdvi
[mini(fi) + α, maxi(fi) − α]
oV jÌbdPlUgibdPSU!rVe!vi`dU!`
ljSk±0SU!jSU!`n`rnU!`dSmb{`Lordg+T bnPSUVopvieb'bdPlvIb
J2
k`'`cbdrnkwe^>eg+j0+Uª>kj§vI5z_krdU,ebdkgijB`UªSeU!y_b'bdPSUËe=gij `cbnvij0bn`!OQPal`;bdPSU`dgi_bdkgijËkw`#SjSkw±+lUASybdgveg+jl`tb{vIj0b!ØPSU!j
amplitude(f) ≥ 2α kmbQkw`;U,vi`d^bngylrdg+UAbnPlvbfbnPSU
TVkjSkTSTøgIobdPSU`dgi_bnkg+jTl`cbfBU
U,±0lvIbng
mini fi + α
¥F`cgDbnPlvbfbnPSUe=gijl`cbnvij+b
kw`$viebdlvi^¯Sª_U,z5OQPSkw`QU=jlzS`$bdPSU'ySrngagIot

\Ubfl`stB`tbnkmo^bdPSU'kj0bdU=rnU!`cb$gIobdPSg0`cUTVg_z_U=w`!
NPOE7QNSR
ÙÚÛÜÝ{ÞiÞ~ßáàpâ{Ýã)àpÚäSåVÚtæ
l∞ ç â{ÚIäSåã2ènÝàéälã2åàéä>àéÛÝ=ê0ÜQÞ~èdÚ!â{Üå{å{àéäaê +
_ ut `$d~CnÅ Ç¸¢d~zp~@z?b¢dzdc_Qz}~ae³d.~¿|E.~
«Ue!vIjstl`cbdko^VySrngiyFU=rn^bdPSU,`cUTDg_z_U!`;a^l`dkjSh'bdPlUATvª_kTST¬v'yFg+`cbdU=rnkgirnkÑp¦.uAq#Ò5ogirnTVvikw`dT
\alySyBg0`cUbdPBvb
f = u + b
¥~¡$PSU!rdU
b
kw`vËSjSkogirnT ¡$PSkbdUDjSgikw`dUgij
[−α, α]  £ SrdbdPSU!rL`dSySyFg+`dUbnPlvb#¡#U$PlvM+U$vySrdg+lvIlkkmbt^
P (u)
giU=rbnPSUfkTvIhiU,`bdPBvb5kw`5ySrngiyFgirdbdkgijlviabdg
exp(−J(u)) f ­OQPSU!jkbfkw`QrdU,vi`dgijlviSUbdgVrnU!e=giU=r
u
orngiT
f
`cg+akjShbnPSkw`$ySrngiSU=T¥0
sup
u
{P (u|f)} = sup
u
{P (f |u)P (u)
P (f)
} Ñ¤ùa üj0Ò
ØPSkwe{Pk`fU!±0SkMviU!j0bbng0
inf
u
{−log(P (f |u))− log(P (u))} Ñ¤ùa i+Ò
AgIbdUDbnPlvb
P (fi|ui) = 12α g [ui−α,ui+α] uA`LbnPSUjSg+k`dUkw`ySkª_U=¡$k`dUVkjlzSU=yFU=jlzSvij0b!¥ P (f |u) kw`h+k+U=j0^0
P (f |u) =
{
0
kmo |f − u|∞ > α
1
(2α)n
gIbdPlU=rn¡$k`dUÑjk`bnPSU'jaSTFU=r$gioylkmª_U=w`{Ò Ñ¤ùa SMÒ
`dgDbdPlvIb$bdPSU
¦.uAqØ`cg+_bnkg+jk`Qh+k+U=j0^0
inf
u,|u−f |∞≤α
{J(u)} Ñ¤ùa +iÒ
OQPSkw`TVgazSU=~k`jSgib#jSU!¡';\~_Or{vITVkjSkFUb!5vi2kj^ IüS¥_m-`~kj0bdrng_z_leU,zËkb#og+r;bnPSULrdU!TDg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